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Heterogeneous Ion Exchange m a Flowing System

By HeENRY C. TrOMAS

A description of the performance of a mass of
zeolite exchanging ions with a solution in which
it is immersed may become possible if the form of
the law governing the exchange is known. (I
what follows we will understand by the term
zeolite any solid substance, carbonaceous, re-
sinous, or mineral, capable of exchanging jons
with a solution.) We suppose that the ign ex-
change is governed by a law of the concentration
product type. Others have investigated the ap-
plicability of such a law. du Domaipe, Swain,
and Hougen! have studied the exchange of sodium
for calcium ion on this basis. In order to ohtain
results immediately applicable to the problem
of water softening, they introduce certain approxi-
mations in the mathematical development. It
has seemed worth while to reconsider the prob-
lem for such cases as may be susceptible of treat-
ment without approximation. By this means
we make available at least a part of the theory
necessary for a fundamerntal study of the mecha-
nism of the exchange processes.

The Differential Equation for the Flow Proc-
ess.—Insofar as the rate of ion exchange can be
characterized by a law explicit in the concentra-
tions only of ions in solution and of exchangeable
atoms or ions in the zeolite, the performance of a
column of zeolite can be described as follows:
Let the initial exchangeable cation concentration
of the solution be ¢;.. Let ¢(l, {) and p(l, £) be
the, concentrations of this cation in the solution
and in the zeolite, respectively, at time ¢ after
the entrance of the solution into the column and
at distance / from the input end of the column.
Suppose that the net rate of exchange of the
cation into the zeolite is given by

¥ = e p) W
Such a rate law is to be expected if the exchange
processes are slow compared to any diffusion proc-
esses in the solution or in the zeolite particles.
At least during the early stages of the “break-
through” period, when the zeolite first approaches
saturation, this type of law might be expected to
hold. Various forms for F may be written down
according to various theories of interaction be-
tween zeolite and solute. For an exchange be-
tween univalent ions the simplest reasonable law
is given by
o

3 = ke = p)c = kaplco = ) @)

in which are presupposed two opposing second
order reactions with velocity constants %k, and k..
In (2) a has been written for the initial exchange

(1) du Domaine, Swain and Hougen, Ind. Eng. Chem., 8B, 546
(1943).

capacity of the zeolite. In what follows p and ¢
will be considered as measured in milliequivalents
per gram of zeolite and ¢ and ¢, in milliequivalents
per milliliter of solution.

To obtain the fundamental equation for the
process, we need first the condition for the con-
servation of exchanging cation. We may define
certain necessary quantities as follows:
fractional free space in the zeolite column
over-all density of zeolite as packed in the column

8V /1e8t = linear rate of flow of the solution. The
discussion will be restricted to constant low rate.
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The conservation condition demands that
. ¢ ¢ op
oV = (c + —a—ldl> 8V + 3 uiss + 2 Mal
or
o , O op

in' which  has been put for M /v. The first
order equations (1) and (3) may conveniently
be combined to give a single second order equa-
tion by putting

% =1/R
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Thus we obtain
o _
By mF(c, p) (5)
and
o 91;
%= oy {6)

Equation (6) shows that there exists a function
of x and'y, f(x, ¥), such that

df = cdy — pdx
with
=
oy
Q)
of
P %

From (5), (6) and (7) we get then the fundamental
equation for the flow process:
oy o ).
o+ (2, bx) =0 ®)
Given the form of the rate law F the solution of
(8) with appropriate initial conditions will con-
stitute the solution of the problem.

It is unfortunate that equation (8) for any but
first order chemical rate laws is only a quasi-
linear differential equation, that is, linear only in
the highest order derivative. While the existence
of solutions has been proved for the general equa-
tion (8),2 unless some trick is found which will

(2) Courant and Hilbert, ‘‘Methoden der mathematischen
Physik,” Vol. 11, p. 317 ff.
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linearize the equation, such solutions may be
obtainable only through excessively laborious
iteration procedures. In the case of the opposing
second order reactions represented by (2) such a
trick has been found.

The Solution for Second Order Kinetics.—
Under (2) equation (8) becomes

L+ad+ssd+cZL-0 @

0x0y ox Oy
in which have been written for convenience
A= mkzco
B = mkia (10)
C = mk — ka)

If now we make the logarithmic substitution

Cf = In {e~(B=+ 4d(x, y)} (11)
we obtain the linear equation
o%p
3%y AB® =0 (12)

Equation (12), the simplest hyperbolic differential
equation, 1s one familiar to the mathematicians;
general methods for the solution of initial value
problems involving such equations have long
been known. The method of Riemann? is well
suited to the needs of this problem. In the appli-
cation of this integration procedure we need the
values of ® and its derivatives along an initial
value curve, say g(¢n) = 0, in the x — y plane.
The solution for $(x,¥) may be shown to depend
only on ® and its derivatives on that part of g
cut out by the characteristics of the hyperbolic
differential equation. In the case of the equation
(12) the characteristics are simply the straight
lines parallel to the axes through the point of
interest (x,y). In the problem at hand the initial
values of ® are specified along a pair of character-
istics (the axes). We have a ‘‘characteristic
initial value” problem. Insuch a case the further
specification of the derivatives would be redun-
dant.

First, we have to show how the boundary values
of ® are given by the specification of initial con-

centrations. Recalling the substitutions (7) and
(11) we find
_1folmd N\
£= ?< oy A)
and (13)

1 /0lned
p=—-(:'< ox —B>

It is obvious that an arbitrary constant added to
In ® is trivial (1. e., will not affect cand ). Most
simply we choose #(0,0) = 1. The initial values
along one axis are obtained when we notice that
at the input end of the column, ¢. e., for x = 0,
y 2 0, we must have ¢ = ¢

2ln#(0,5) _
oy o
whence (14)
(0, y) = eav

(8) Ibid., pp. 811-317.
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with & = mkic,, We shall also write § = mbkaa,
so that af = AB. At the head of the advancing
column of solution, specified by ¢ = I/R, i. e.,
fory =0,x 2 0,wehavep =0

O In ®(x, 0) -
ox B (15)
®(x,0) = ¢B=

The application of the Riemann procedure now
leads directly to the solution of (12) under the ini-
tial conditions (14) and (15). Because of the sym-
metry of the differential equation the required
Riemann function is Io(2VVAB(x — £)(y — n)),
in which £ and n are the variables of integration
around the boundary of the region determined by
the characteristics and the axes. Jj is the zeroth
order Bessel function for purely imaginary argu-
ment. The solution for & is

&(x, y) = 10(2’\/ ABxy) -+
ﬁ " BeBel,(2+/ABy(x — D)de +

J;yaedwlo@v aPx(y — n))dn (16)

Properties of the Integrals,—For the following
treatment of the integrals in (16) I am much in-
debted to Professor Lars Onsager. Writing

o(u, v) = e¥ ﬂue“IO(ZVﬁ)dt

the solution for ® is seen to be

#(x,5) = I(2V/ABxy) + ¢(Bx, Ay) + o(ay, fx) (16"

Now after expanding the Bessel function in power
series, rearranging the absolutely and uniformly
convergent series, and integrating term-wise by
parts, one finds

qp(ﬂ, v) = gttt — M = un o
) Osg:Sn minl o Sm ™ M
Since
pu— hd (uv)n= hd um "
L uv) = zo:n!n! _osg:_mm!n!

we have the important relation

o, 0) + oy, u) = ex+v — L(2Vu)  (17)

On differentiation of the double series for ¢ one
finds

bsa(bt;. 2 - o(u, v) + Lo(2v/uv) (18)
Making use of (17) and (18) we find at once
20l D) oy, - 2 1(evE)  (19)

It is also convenient to notice that the limiting
values of the integral are
00,v) =0 1
o(u,0) = e« -1/
By means of these relations (16) is readily proved
to be the solution of (12) satisfying the initial
conditions. The solution for ® is thus unique.*
(4) Ibid., p. 321.
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The Concentrations.—By means of the formu-
las developed in the preceding section the calcu-
lation of ¢ and p from (13) is easily carried out.
The results are

¢ _ [o(27/ABxy) + ¢lay, 8y

o [(07/TBrv) + o(Br Av) + elay,
and

v _ wlay, Bx) e
a  Iy(24/ABxy) + o(Bx, 4%) + ¢lay, By

It is instructive to rephrase the quantities in-
volved in these formulas and write them explicitly
in the velocity constants. This will show more
clearly the physical quantities of significance in

(20

(22

determining the performance of the zeolite. We
put

ro=colt —1'R) = caniy ‘;
and ‘ 2

¢ = Ma;Req = amx |

When » and s are multiplied by the volune rate
of flow, Ry, we get
Ruyyr = total milliequivalents of catious passed, and
Rses = total milliequivalents of exchangeable cation per
unit cross section of preceding zeolite.
In these terms the expression for the concentration
of exchanging cation becomes

¢ _ L2 Rkrs) + elhr, kst
o L2V kks) + ethis, kat + ek, ko)
The application of these formulas to experimental

results is entirely feasible. Extensive tables of
the Bessel functions are available.* The compn-

(3) E. Anding, “Bessel’scllen Fuuktionen Imaginiren Argu-
mentes,”’ Leipzig, 1911,
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tation of the integrals may be carried out by
appropriate series expansions. Since the para-
meters of the imtegrals involve the unknown
velocity constants £, and k,, these quantities will
probably best be obtained by fitting (21) to
“break-through” data on a column run under
known conditions. - Preliminary experiments by
Mr. Allen L. Solomon of this Laboratory indi-
cate that the exchange reactions may be too
rapid for an accurate determination of the
constants by simply shaking the zeolite with
solution.

It is hoped that the application and testing
of the theory here presented may be made the sub-
ject of 4 further communication.

Notr, ADpED IN PRrOOF.—Very recently Nachod and
Woadt have shiown that the velocities of exchange of cal-
cium for hydrogen or sodium follow a second order rate
law. On the basis of their results the development of the
preseut paper beconies the proper foundation for the de-
seription of the performance of packed ion exchange col-
umns used in water softening.

In conclusion the author wishes to express his
thanks to Professor Lars Onsager for his interest
in this problem and for many most helpful con-
versations on the subject.

Summary

A mathematical description is given of the per-
formance of a cation exchange column for the
case in which the rate of the exchange is deter-
mined by a second order law. The effect of the
reverse reaction is included without approxima-
tion.

(6) F. C. Nachod and W. Wood, Tais JourNaL, 86, 1380 (1944).
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Aluminum Phosphide —Preparation and Composition®

By Wavyxe E. Wuaite anp A. H. BUusHEY

Chemical literature records claims for the exist-
ence of five different binary compounds of
aluminum and phosphorus. Wohler!® first re-
ported combination of the two elements and later
A. Rossel and L. Franck® obtained a product re-
ported to be Al;P;, by passing phosphorus vapor
over heated aluminum. L. Franck?® reported
AlPy,* AP, AP, and AlP as products which he
obtained by slight variations in the general proce-
dure of reacting aluminum with phosphorus vapor.
In some cases air was entirely eliminated from the

(1) Original manuscript received October 21, 1943.

(1a) F. Wohler, Pogg. Ann., 11, 160 (1827).

(2) A. Rossel and L. Franck, Ber., 27, 53 (1804).

(3) L. Franck, Chem. Zig., 33, 237-240 (1898).

(4) Inspection of the analytical data supplied by Franck reveals
that this product was 67% aluminum and 33% phosphorus. This
composition corresponds to the formula Al;P; rather than Al.P; as
reported.

glass reaction chamber by means of hydrogen;
in other cases air was swept out with a stream of
phosphorus vapor alone before the aluminum was
heated. Unsuccessful attempts were made to se-
cure effective reaction in sealed tubes. In all
preparations the reacted masses were taken to
high temperatures to volatilize any unreacted
phosphorus.

Unaware of earlier work except that of Granger®
who concluded that aluminum phosphide was un-
stable and could not be prepared, Fonzes-Diacon®
believed himself to be the first to make this com-
pound. While mistaken in regard to discovery,
he was original in his method of preparation. He
mixed aluminum powder and red phosphorus in
equal weights and ignited the mixture with a

(5) Granger, Doctorate Thesis, Paris, 1898.
{8) Fonzes-Diacon, Compt. rend., 180, 1315 (1900).



